Aircraft are often confronted with distinct circumstances during different parts of their mission. Ideally the aircraft should fly optimally in terms of aerodynamic performance and other criteria in each one of these mission requirements. This requires in principle as many different aircraft configurations as there are flight conditions, so therefore a morphing aircraft would be the ideal solution. A morphing aircraft is a flying vehicle that i) changes its state substantially, ii) provides superior system capability and iii) uses a design that integrates innovative technologies. It is important for such aircraft that the gains due to the adaptability to the flight condition are not nullified by the energy consumption to carry out the morphing manoeuvre. Therefore an aeroelastic numerical tool that takes into account the morphing energy is needed to analyse the net gain of the morphing. The code couples three-dimensional beam finite elements model in a co-rotational framework to a lifting-line aerodynamic code. The morphing energy is calculated by summing actuation moments, applied at the beam nodes, multiplied by the required angular rotations of the beam elements. The code is validated with NASTRAN Aeroelasticity Module and found to be in agreement. Finally the applicability of the code is tested for a sweep morphing manoeuvre and it has been demonstrated that sweep morphing can improve the aerodynamic performance of an aircraft and that the inclusion of aeroelastic effects is important.
INTRODUCTION
Due to the often conflicting requirements, which for instance can be very unlike requirements like loiter and high-speed dash, in an aircraft's mission, designers have to make compromises regarding wing layout which compromises aircraft performance. For each segment of the mission, there exists an ideal shape of the wing for optimal performance, and it is therefore advantageous if the wing can conform to all of these shapes. Morphing wings aim to adapt the wing shape to mission requirements enabling the aircraft to fly a multi-role mission optimally. Interest in morphing technology has increased substantially over the past decade. The Defense Advanced Research Projects Agency (DARPA) has defined a morphing aircraft as an aircraft that i) changes its state substantially, ii) provides superior system capability and iii) uses a design that integrates innovative technologies.
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Considerable effort has been spent on the analysis of morphing structures, including aeroelastic effects. General planform wings with morphing airfoils are considered [2] [3] [4] as well as with variable span. 5 Aeroelastic analysis of folding wings, motivated by the Lockheed Marting Folding Wing concept, was carried out in. [6] [7] [8] [9] [10] These analyses range from investigations of the impact of folding angles, hinges, and other design parameters 6, 7 to nonlinear studies (in terms of hinge nonlinearities 8 ) and multibody dynamic analysis.
9, 10
For optimisation studies of morphing wings fast analysis of morphing energy requirements is essential. Actuation power and added weight required to perform morphing manoeuvres are compared to the aerodynamic/performance gains to assess whether overall performance improvement is possible or not. The optimization of morphing wings for improved performance and minimum actuator energy is carried out by Prock et al.
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Other optimization efforts have been carried out in the field of combined span/airfoil optimisation, 12 combined aspect-ratio/sweep optimisation, 13 or optimisation for pull-up manoeuvres.
14 Optimisation studies related to the structural design of morphing concepts have also been reported in the literature. Cellular trusses have been designed and optimised with actuators for the NextGen Batwing concept 15 and with tendons for wing shape change in general. 16 Topology optimisation of smart actuator placement using genetic algorithms 17 and the topology optimisation of wing skin thicknesses, spar thicknesses, and flap deflections of morphing wings for aeroservoelastic concepts. 18 Multilevel variable fidelity optimisation techniques for morphing structures are also investigated.
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As described in the literature above, substantial research has been conducted regarding analysis, design and optimisation of morphing wings. There are three main categories to which this extensive body of research can be divided: i) the first category is defining individual optimal configurations for specific segments of a mission with conflicting requirements, ii) the second direction is the design of particular morphing concepts with special emphasis on the underlying actuation, and iii) the third category studies in detail the mechanics of particular morphing manoeuvres such as sweep change or folding. Therefore, there seems to be a need for an analysis and optimisation tool for morphing wings that allow morphing to any arbitrary shape in three dimensions while allowing the hinge or flexible locations to be variable and simultaneously taking into account aerodynamics, structural response, and actuation energy into account.
The current paper focusses on the aeroelastic analysis of complete morphing wings incorporating morphing actuator energy. An aeroelastic analysis program, Proteus, is developed. The program integrates a 3D corotational structural beam model with a simplified aerodynamic model based on Prandtl's lifting line theory. The actuator energy is taken into account by applying morphing actuation moments to the beam nodes, which are equipped with a spring to simulate the straining of the skin of the structure.
The rest of the paper is organised as follows. First, the objectives of the analysis are laid out and the problem precisely formulated. This is followed by sections on the structural model, the aerodynamic model, and the details aeroelastic analysis algorithm. The result section follows including verification against commercial finite element analysis and representative results for a case study maximising lift to drag ratio using sweep morphing is presented to demonstrate the capability of the developed code. Finally, conclusions are presented.
PROBLEM FORMULATION
Currently two practical morphing wing concepts are under consideration and scaled models have been developed to the flight demonstration stage. These are the Lockheed Martin Folding Wing concept and the NextGen Batwing concept. These two concepts raise the interesting question of finding a more general setting of the problem to allow for comparing different strategies of changing the wing span and/or planform shape. Therefore, a computationally efficient morphing wing analysis and optimisation tool is needed, which allows general morphing in three dimensions. It is also desirable to keep the modelling level simple for use in conceptual design studies.
Morphing wings are structures that by definition exhibit large changes in shape which necessitates a geometrically nonlinear structural model. The wing should be able to fold/sweep/twist in any arbitrary direction at potentially multiple arbitrary locations along the wing span. Furthermore, it is important to consider the interactions between structural deformations, aerodynamics, and morphing actuation. For example, it would be certainly desirable for the aerodynamic loads to assist rather than oppose the morphing deformations.
A morphing wing structure is modelled using three-dimensional nonlinear beam elements. A local linear beam element is used, and large displacement and rotations are accounted for by using an element independent co-rotational framework. Each node has the standard six degrees of freedom. Additional rotational degrees of freedom are introduced to allow for slope discontinuity at nodes. This slope discontinuity allows the possibility of finite sweep/fold angles at any node. A 3D rotational spring, connected at each node, simulates the presence of a hinge. The spring stiffness models the strain energy stored in the skin due to shape change. Arbitrary forces and moments can be applied at each node. These include both aerodynamic loads and actuation moments.
The structural model is coupled to an aerodynamic vortex model based on lifting line theory. This simplified incompressible aerodynamic model allows fast calculation of the circulation while producing accurate trends. Moreover, it can be extended to a compressible model. Since the large deformations of a morphing structure can yield large angles of incidence, these are accounted for in the aerodynamic model. Both the structural and aerodynamic models use the same discretisation, so the nodal aerodynamic forces can be applied as discrete forces on the beam model directly. Tracing the nonlinear equilibrium path is attained by using the Newton-Raphson method.
STRUCTURAL MODEL
The structural model consists of linear beam elements in a three-dimensional co-rotational framework. The benefit of using such a framework instead of using nonlinear finite elements is the fact that the local rotations of the beam are known, which comes in handy to derive the aerodynamic mesh from the structural one. This facilitates the analysis of aerodynamic forces and moments considerably (see section 4).
The local beam element formulation is a linear shear-flexible element. The beam elements are connected with flexible rotational springs. In the following, first the local beam model is explained, followed by the co-rotational formulation and the beam connectivity.
Local Beam Formulation
The local beam element is based on the element of Goyal and Kapania. 20 The element has 22 degrees of freedom and five nodes (four equally-spaced nodes with one additional node in the middle of the beam). The beam allows for shear flexibility and reduces exactly to the standard Hermitian beam element in the limit of high slenderness ratio. The DOFs corresponding to the interior nodes are statically condensed leading to a 12 × 12 element stiffness matrix. This element has been designed for the modelling of fibre-reinforced laminated composite structures allowing for arbitrary material coupling.
As an input, the beam element accepts the full anisotropic 6 × 6 beam section stiffness matrix. For instance results from the Variational Asymptotical Beam Sectional Analysis (VABS) 21 can be used. VABS claculates the beam section stiffness matrix for an arbitrary 2D composite cross-section giving a fully populated beam stiffness matrix.
Co-rotational Framework
The co-rotational approach converts local element forces from the local to global frames. The essential part of the co-rotational formulation is the definition of a local element frame and defining the local element degrees of freedom with respect to that frame. The formulation used in this paper is adopted from Battini and Pacoste.
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The global nodal degrees of freedom for the co-rotational element are the displacements of the nodes in the global coordinate system and two rotation vectors describing the rotations between the undeformed and deformed configurations.
(
The local degrees of freedom are extracted from the global degrees of freedom as:
whereū is the change of element length between the current and initial configurations,
and the vectors ϑ i are the nodal rotation vector resolved in the local element frame.
The local element forces are obtained from the linear relation:
and the global load vector and stiffness matrix are obtained using the definition of the co-rotational element frame. The local degrees-of-freedom p are a function of the global ones p:
In order to get an expression for the global force vector, the expressions for the internal virtual work, V i , in terms of local and global coordinates is equated:
from which a direct relation between the two force vectors can be derived:
Taking variations of the latter equation gives the relation between local and global stiffness matrix:
Derivation and expressions for the transformation matrix B can be found in Battini and Pacoste. 
Beam Connectivity
Each beam element is connected to its neighbour via a rotational spring. This yields nine DOFs per node (three displacements and six rotations). Every node is equipped with three torsion springs (yielding a spring stiffness matrix K s ). This allows the representation a rigid connection (infinite spring stiffness), a hinge (zero spring stiffness), and semi-flexible hinges (finite value of the spring stiffness). Actuation moments, composing the actuation moment vector M a , can be applied to each spring location.
This particular setup allows the analysis of the morphing energy requirement E m associated with a certain morphing manoeuvre: 
AERODYNAMIC MODEL
The prediction of the aerodynamic performance of a wing is a fairly complex problem and can be modelled with any degree of sophistication. At the lowest level of complexity, strip aerodynamic theory can be used. 23, 24 At the higher end an Euler or Navier-Stokes solver can be used. For a coupled aeroelastic problem such as a morphing wing, it is important to match the level of modelling of structures and aerodynamics. For the adopted structural model using beam elements, it is reasonable to use a one-dimensional aerodynamic model such as lifting line theory to predict the aerodynamic loads. [25] [26] [27] When a better aerodynamic model is warranted, two-dimensional panel methods such as the vortex lattice method 18, 28 can also be used.
A one dimensional vortex-based method is implemented following Katz and Plotkin. 29, 30 The basic idea is that a finite wing is represented by a set of n linearly added vortex lines each with strength Γ i . Each vortex extends downstream to infinity according to Helmholtz' theorem. Each individual vortex is located on an aerodynamic panel at the quarter chord point and induces a downwash speed at the three-quarter chord point on each panel. Flow tangency condition demands zero normal flow on the airfoil and, as such, the unknown vortex strengths are calculated.
The coordinates aerodynamic panels are linked to the structural element geometry. Each structural beam element has an element fixed frame (see figure 2 ) and the node locations are known as well as the local rotations per node (because of the co-rotational framework). From these parameters, the two-dimensional aerodynamic mesh can be deducted from the one-dimensional beam element. Each beam element can contain multiple aerodynamic panels. In order to achieve this, the nodal rotations are linearly interpolated per beam element. The lift and induced drag forces are calculated from the vortex strength distribution over the wing. An estimate for the viscous drag is made based on the 2D lift-drag polar, which are reported for all the standard NACA airfoils. The induced and viscous drag added linearly give the total drag. The aerodynamic forces are assumed to act at the quarter chord point of each aerodynamic panel in the direction of the flow (lift) and perpendicular to the flow (drag). The aerodynamic moment is then equal to the product of the lift and the distance between the quarter chord point and the location of the shear centre of the structure. where α is the angle of incidence. The global vector along which the aerodynamic moment acts, e m , lies in the plane perpendicular to α, usually referred to as the Trefftz plane, and is defined as the projection of the vector e 1 on the Trefftz plane.
Finally the vector along which the lift force is to be decomposed, e l , is perpendicular to both α and e m :
When all the aerodynamic forces and moments are decomposed along their appropriate vectors in the global frame, they are converted to statically equivalent nodal forces to construct the global aerodynamic force vector f a .
STATIC AEROELASTICITY
In the present study, only static aeroelastic effects are considered. To be more specific, deformation under the displacement dependent aerodynamic loads is considered. The discrete equilibrium equations are,
where f is the vector of internal forces that depend on the vector of global degrees-of-freedom p, f ex the external forces that depend on a load parameter λ, and f a the aerodynamic forces which depend on the degrees-of-freedom p, the angle of incidence α and the dynamic pressure q.
When significant nonlinearities are involved, it is customary to trace the response as function of the load parameter λ. In order to determine the equilibrium position at a certain intermediate value for the control parameter an initial guess p 0 is made for the displacement field (usually using a prediction based on the last converged step), then the exact equilibrium displacements are found using the Newton-Raphson method.
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Assume that the dynamic pressure q is the only control parameter, the displacement increment ∆p is determined from:
where K t is the tangential stiffness matrix and A the aerodynamic sensitivity matrix. This matrix contains the changes in aerodynamic loads with the displacement field p. This way, the increment is determined and added to the initial guess until convergence is obtained. An overview of the iteration loops is given in figure 3 . For static performance, the final trimmed state of the aircraft is of interest, not the detailed dynamics of morphing. This trimming condition introduces an additional degree-of-freedom, namely the angle of incidence α. This will augment the DOF vector:
Therefore equation 15 changes to:
where f α contains the sensitivities of the aerodynamic forces with respect to the angle of incidence α and f w is the vector containing the weight distribution of the aircraft and the wing.
PROTEUS: FAST AEROELASTIC MORPHING WING ANALYSIS TOOL
The code developed for the fast analysis of morphing wings incorporating aeroelastic effects and actuator energy is called Proteus * . The data flow through the program is explained, and highlighted in figure 4 . As an input, the nodal locations of the beam elements, which build up the wing, are given, together with other structural properties such as the chord length at each node, the material stiffness properties at each node and the beam orientation in the global coordinate system. The deformations are zero initially. With this information, the aerodynamic mesh is calculated, based on the number of panels required on each beam element. Using this mesh and other input properties such as flow velocity, angle of attack, and air density, the aerodynamic forces and moments are calculated using the lifting line theory (see section 4). The change of these forces and moments with the global structural displacements, the aerodynamic sensitivities, are calculated using the Matlab Automatic Differentiation toolbox (MAD) for Matlab by Forth.
32 If a trimming condition is required, the sensitivities of the aerodynamic forces with respect to the angle of attack are also calculated using this technique (see equation 17) . All the aerodynamic forces are transferred to the global coordinate system afterwards. The structural displacements, together with the material stiffnesses, are also used to calculate the local force vector and stiffness matrix of each element (see section 3.1). Then they are translated to the global coordinate frame and the system stiffness matrix is composed (see section 3.2). With all the forces and stiffnesses -structural and aerodynamicthe incremental displacements are calculated, based on equation 15 or 17, dependent whether the trimming condition is required. When the incremental displacements are added to the total displacement, convergence is checked. If convergence is not satisfied, the new displacements are added to the structural coordinates and the iteration loop is continued. The aeroelastic results of Proteus are validated against results obtained using NASTRAN Aeroelasticity Module. As a test wing, a simple unswept rectangular wing with a span of 8 m and a chord of 1 m at an angle of incidence α = 5
• is selected. The flow velocity is 50 m/s. This velocity causes a deformation which is large, but does not trigger the geometrical nonlinearities. The results are shown in figure 5 .
It is clear that the results are acceptable (tip displacement within 1 %), although the displacements are not small. This implies that we can put confidence in the structural, aerodynamic and coupling codes.
RESULTS AND DISCUSSION
A test case is created to first of all test the functioning of the Proteus code and secondly the concept of sweep morphing in general. An aircraft, having a rectangular wing box, with the properties listed in table 1 is flying in trimmed condition at an airspeed of 64.5 m/s. The sweeping of the wing is carried out at the wing's root, * Greek mythological god who can change his shape. where a spring is attached and an actuation moment is applied. The spring stiffness is a discrete model for the distributed skin stiffness of the wing. This is a clear distinction with a rigidly swept wing like the F14. The maximum sweep angle in the analysis is determined by the associated angle of attack. If that angle crosses the maximum angle of attack of 25
• in order to keep the aircraft level, the sweeping is stopped. The results presented are the lift to drag ratio (figure 6), the actuation moment applied to perform the sweeping manoeuvre (figure 7) and the change of angle of attack (figure 8) with increasing sweep angle. The actuation moment increases first almost linearly until a sweep angle of approximately 60
• because the spring which is located at the root is strained, thus storing more energy. But after the aforementioned value of the wing sweep angle, the required actuation moment decreases again because the increased drag due to the increased angle of attack "helps" the wing to sweep. This demonstrates the importance of incorporating structures, aerodynamics and actuator energy into the analysis. Finally the angle of attack increases exponentially with increasing sweep angle. This is because the wing area reduces with increasing sweep angle and hence the angle of attack needs to make up for the lost wing area to keep the aircraft level. At approximately 66
• sweep angle, the aircraft reaches a very large angle of attack, which is a measure for the fact that the aircraft stalls.
CONCLUSIONS
In this paper an aeroelastic code for morphing wing analysis is presented. The program incorporates a structural beam element code in a co-rotational framework coupled to a lifting-line aerodynamic model via a NewtonRaphson iteration method. It also allows morphing in any arbitrary direction in a three-dimensional space as well as the evaluation of the morphing energy associated with the morphing manoeuvre. The code is validated against results from NASTRAN Aeroelasticity Module and provides satisfactory results. Finally the program is used in a test case of a sweep morphing wing. It has been demonstrated that sweep morphing in certain cases indeed can improve the aerodynamic performance in terms of lift-to-drag ratio.
Future work will consist of the embedding of this code in an optimisation routine to determine the optimal morphing manoeuvre subjected to certain constraints and objectives. Also a more refined aerodynamic model is aimed for in order to deal with transonic and supersonic flows. Finally the work will be extended to a dynamic structural model coupled to an unsteady aerodynamic model.
